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A unified aeroelastic and flight dynamic formulation is sought to take into account the influence of aeroelastic
effects on the flight dynamic behavior of the whole aircraft in a format fully compatible with the aeroelastic,
flight dynamics, and automatic control disciplines. By allowing the inclusion of gravity-related terms, vertical
acceleration–related aerodynamic stability derivatives, and lift and drag forces due to forward-velocity perturba-
tions into the rational function approximation matrices, the traditional quasi-steady flight dynamic equations of
motion are fully recovered. Closed-form solutions are presented for translational and rotational degrees of free-
dom in the aeroelastic model. The General Atomics–Aeronautical Systems (GA-ASI) Predator® unmanned aerial
vehicle is used to numerically demonstrate the unified aeroelastic modeling framework. The results indicate that
this approach reproduces, with a high degree of fidelity, the underlying quasi-steady flight dynamic model when no
elastic modes are included in the aeroelastic model. Comments are provided to determine the approximate number
of elastic modes that need to be included in the aeroelastic model to accurately model its flight dynamic behavior.

Nomenclature
[Ai ] = aerodynamic-force matrix
b = aircraft wing span
[C] = structural-damping matrix
c = reference chord
g = gravity acceleration
[K ] = structural-stiffness matrix
k = reduced frequency, ωc/2V∞
[M] = mass-structural matrix
{P} = vector of gravity-related components
p = nondimensional Laplace variable, sL/V∞
[Q] = generalized aerodynamic matrix force
[R] = diagonal aerodynamic root matrix
s = Laplace variable
[TA] = body-to-stability-axes transformation matrix
V∞ = aircraft airspeed
{δc} = vector of control-surface deflections
{ξ} = vector of generalized structural displacements
ω = frequency of oscillation

Subscripts

a = related to aerodynamic lag
ae = related to aeroelastic plant
c = related to control commands
i = 0,1,2 related to quasi-steady-model approximation
lat = related to lateral dynamics plane
long = related to longitudinal dynamics plane
R = related to rigid-body states
s = related to structural deflections
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I. Introduction

T HIS paper deals with an unified aeroelastic formulation to take
into account the influence of aeroelastic effects on the flight

dynamic behavior of the whole aircraft. Linear-flutter engineering
models that incorporate translational and rotational rigid-body de-
grees of freedom are not able to recover the traditional flight dy-
namic equations of motion because of the inherent conflicting mod-
eling objectives. Among them, the finite-element-model coordinate
system, the unsteady modeling of the aerodynamic forces using
pure harmonic motion, and the missing gravity-related terms in the
aeroelastic formulation can be held accountable for the differences
observed in the eigenvalues associated with the free longitudinal
and lateral dynamic modes. Traditionally, the aircraft rigid-body
behaviors, such as the short period, phugoid, and Dutch roll, among
others, have been described using quasi-steady aerodynamic forces,
whereas the aeroelastic stability behavior is completely character-
ized by unsteady aerodynamic forces.1 Therefore, it would be de-
sirable to develop a single modeling capability to deal with transla-
tional and/or rotational rigid-body modes as well as elastic modes
in a format fully compatible with aeroelastic, flight dynamics, and
automatic control disciplines.

In the past, several techniques were developed to systematically
incorporate aeroelastic effects into the aircraft dynamic equations
of motion. Among these, Rodden and Love2 addressed the conser-
vation of the angular-momentum issue, and Whinter et al.3,4 and
Dykman and Rodden5 formulated the p-transform approach to gen-
erate reduced-order models that avoid additional state variables to
represent the unsteady aerodynamics.

In this work, we intend to further extend the findings of Refs. 4 and
5 by proposing unified aeroelastic formulation to take into account
the influence of aeroelastic effects on the translational and rota-
tional rigid-body modes of the aircraft. Here, the rational function
approximation (RFA) setup usually sought to model the unsteady
aerodynamic forces computed for purely oscillatory motion can be
dually considered as the aeroelastician’s natural tool to recover the
quasi-steady longitudinal and lateral equations of motion ordinarily
used by the flight control engineer.

To this end, this unified modeling framework will be composed of
the following main tasks: 1) coordinate transformations between the
principle axes and the flight dynamic’s stability axes,2 2) incorporate
measured aerodynamic stability derivatives from wind-tunnel or

763



764 BALDELLI, CHEN, AND PANZA

flight tests6,7 into the RFA matrices, and 3) include the gravity-
related components as well as lift and drag forces due to forward-
velocity perturbations within the aeroelastic formulation.

The last step constitutes the main contribution of this work, lead-
ing to an accurate recovery of the phugoid, spiral and roll-subsidence
dynamic modes that appear in the flight dynamic description of the
aircraft. Its implementation will naturally extend the RFA setup into
a flight dynamic–oriented class.

We hope this modeling framework will become an enabling tool
among the aeroelastic, flight dynamics, and flight control disciplines
by providing a common state–space representation that accurately
models the influence of the elastic modes on the translational and
rotational rigid-body modes of the whole aircraft.

The outline of the paper is as follows. In Sec. II, the standard time-
domain aeroelastic representation is briefly described. Section III
presents the transformation between principle and stability axes.
Section IV delineates how to update the quasi-steady aerodynamic
part of the unsteady aerodynamic model and also how to include
the gravity- and acceleration-related terms into the RFA setup. In
Sec. V, the quasi-steady longitudinal and lateral dynamics closed-
form solutions in the absence of elastic modes are computed. Finally
in Sec. VI, the GA-ASI Predator8 unmanned aerial vehicle (UAV)
example is given to illustrate the application of the unified aeroelastic
formulation. The Predator represents an actual state-of-the-art UAV,
validated using production flutter engineering tools.9 A summary is
provided in Sec. VII.

II. Time-Domain Aeroelastic Formulation
It is well known that aeroelasticity can be viewed as a feedback

interaction mechanism between structural dynamics and the un-
steady aerodynamic forces. The former is induced by the static or
dynamic deformation of the structure and the flight parameters (i.e.,
Mach number and altitude). This aerodynamic feedback mechanism
modifies the rigid-body and vibration modes that characterize the
dynamic behavior of the aircraft.1

In what follows, the time-domain aeroelastic formulation is
briefly described closely following Karpel,10 and it will be used
to identify the key enabling elements involved in the recovering
process of the traditional flight dynamic equations of motion11 from
the more general aeroelastic framework.

Let’s consider the aeroelastic equation of motion in generalized
coordinates, excited by control-surface motion and inertial loads at
a given dynamic pressure q∞,

[Ms]{ξ̈} + [Cs]{ξ̇} + [Ks]{ξ} + q∞[Qs(p)]{ξ}
= −([Mc]{δ̈c} + q∞[Qs(p)]{δ̇c}) + {P} (1)

where [Ms] ∈ Rns × ns , [Cs] ∈ Rns × ns , and [Ks] ∈ Rns × ns are the gen-
eralized mass, damping, and stiffness matrices, [Mc] ∈ Rnc × nc is the
coupling mass matrix between the control and the structural modes,
{ξ} ∈ Rns is the vector of generalized structural deflections includ-
ing the rigid-body modes, and {δc} ∈ Rnc is the vector of control-
surface-commanded deflections. In addition, [Qs] ∈ Rns × ns and
[Qc] ∈ Rnc × nc are the generalized unsteady aerodynamic-force co-
efficient matrices associated with the structural and control modes,
and {P} ∈ Rns is related to the weight components through the Euler
angles θ and φ,7

{P} = [�]T [M]

⎡⎢⎢⎢⎢⎣
I3

I3

I3

...

⎤⎥⎥⎥⎥⎦
⎧⎨⎩

−g sin θ

g cos θ sin φ

g sin θ cos φ

⎫⎬⎭ (2)

where [�]T ∈ Rns × m, [M] ∈ Rm × m, and I3 ∈ R3 × 3 are the modal
matrix, the mass matrix in physical coordinates, and the identity
matrix, respectively, m is the number of degree of freedom of the
finite element method (FEM) model, and g is acceleration due to
the gravity, respectively. The most general RFA to the aerodynamic-

force coefficient matrix is

[Q(p)] = [Ao] + [A1]p + [A2]p2 + [D](p[I ] − [R])−1[E]p (3)

where p = sc/2V∞ is the nondimensional Laplace variable, s is the
Laplace variable, c is the reference chord, and V∞ is the true air-
speed. The aerodynamic data is computed for pure harmonic oscil-
lations in the imaginary axis, and by the analytic continuity principle
their domain of application is extended to the whole complex plane.
The approximation process involves the replacement of p by ik,
where k is the nondimensional frequency k = ωc/2V∞.

The least-square procedures are used to compute the matrix ap-
proximation coefficients [Ai ] ∈ Rn × n ; i = 0, 1, 2; [D] ∈ Rn × na ;
[R] ∈ Rna × na ; and [E] ∈ Rna × n , where n = ns + nc is the number
of total elastic modes composed from structural and control modes,
and na is the number of aerodynamic lag terms. Note that Eq. (3)
can handle both Roger12 and minimum-state13 formulations to fit
the tabulated [Q(ik)] matrices. In general, the [Ai ] and [E] matrices
are column partitioned as

[Ai ] = [
Asi Aci

]
, i = 0, 1, 2

[E] = [Es Ec] (4)

In this formulation, the [Ai ], i = 0, 1, 2, coefficient matrices repre-
sent the quasi-steady aerodynamic forces by playing the roles of an
equivalent aerodynamic stiffness, aerodynamic damping, and aero-
dynamic inertia, and the remnant terms are used to model the flow
unsteadiness by Padé approximants. These effects can be modeled
as a state-space realization,

{ẋa} = [
Es

...Ec

]{ ξ̇

δ̇c

}
+ (V∞/b)[R]{xa}, {za} = [D]{xa} (5)

where xa is the aerodynamic vector state. Substituting Eqs. (3) and
(5) into Eq. (1), while considering p, will allow the overall open-
loop aeroelastic system with external excitation for a fixed flight
condition to be written in state-space form as⎧⎨⎩

ξ̇

ξ̈

ẋa

⎫⎬⎭ =

⎡⎣ 0 I 0

K̄s C̄s D̄

0 Es R̄

⎤⎦
︸ ︷︷ ︸

Aae

⎧⎨⎩
ξ

ξ̇

xa

⎫⎬⎭

+

⎡⎣ 0 0 0

K̄c C̄c M̄c

0 Ec 0

⎤⎦
︸ ︷︷ ︸

Bae

⎧⎨⎩
δc

δ̇c

δ̈c

⎫⎬⎭ +

⎡⎣ 0

M̄ P

0

⎤⎦ (6)

or in a more compact form,

{ẋae} = [Aae]{xae} + [Bae]{u} + {w} (7)

where

x T
ae = {

ξ T ξ̇ T x T
a

}T
, uT = {

δT
c δ̇T

c δ̈T
c

}T

wT = {0T (M̄ P)T 0T }T

and

M̄ = [
[Ms] + (

q∞b2
/

V 2
∞
)[

As2

]]−1

K̄s = −M̄
[
[Ks] + q∞

[
Aso

]]
C̄s = −M̄

[
[Cs] + (q∞b/V∞)

[
As1

]]
M̄c = −M̄

[
[Mc] + (

q∞b2
/

V 2
∞
)[

Ac2

]]
, K̄c = −q∞ M̄

[
Aco

]
C̄c = −(q∞b/V∞)M̄

[
Ac1

]
, D̄ = q∞ M̄[D]

R̄ = (V∞/b)[R]
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a)

b)

c)

Fig. 1 Coordinate transformations.

Equation (6) mathematically describes the feedback mechanism be-
tween the structural dynamics and the unsteady aerodynamic model.
It is observed that by eliminating all the terms related to the aero-
dynamic lag states, that is, the last row and column in the [Aae]
and [Bae] matrices (shadowed areas), the traditional flight dynamic
equations of motion can presumably be recovered. Otherwise, the
inclusion of the dynamic model for the unsteady aerodynamic forces
will result in a full aeroelastic system.

Thus, to fully recover the flight dynamic equations of motion, a
twofold transformation process of the aeroelastic modeling frame-
work is proposed. First, it involves a coordinate-axes transforma-
tion to change the structural modes into airframe states, enabling
the well-known separation principle between the longitudinal and
lateral dynamics. Second, it identifies the location of key enabling
terms within the unsteady aerodynamic model. The former is an
accepted practice using production flutter engineering tools,3−5,9

whereas the latter is implemented by the proper allocation of the
gravity components vector w as and the lift and drag force terms
related to forward-velocity perturbations within the RFA setup.

III. Transformation Between Principle
and Stability Axes

The objective of the transformation process is to change the struc-
tural rigid-body modes into the airframe states so that the rigid-body
submatrices in the state–space equations of the aeroelastic system
have the same definition as those of the flight dynamics discipline.
Figure 1 shows the two-stage procedure for such transformation. It
can be summarized as follows:

1. Principle axes to body axes, Fig. 1a to b: The generalized
coordinates of the six rigid-body modes computed by the structural
FEM are usually defined in the principle axis. Following Ref. 3, the
transformation from the principle axes {xq} to the body axes {ξR} is
performed through the generic matrices [RP ] and [RB]9:

{xq}T = {q1, q2, . . . , q6}T (8)

{ξR}T = {Tx , Ty, Tz, Rx , Ry, Rz}T (9)

{xq} = [RP ]−1[RB]{ξR} (10)

where [RP ] is the rigid-body modal matrix in the principle axis and
[RB] is the rigid-body modal matrix in the body axis at the c.g.
location, respectively.

In Eq. (9), Tx is the fore–aft rigid-body mode, Ty is the lateral
translational rigid-body mode, and Tz is the plunge rigid-body mode.
In addition, Rx is the roll rigid-body mode, Ry is the pitch rigid-
body mode, and Rz is the yaw rigid-body mode. It should be noted
that after the transformation the generalized mass matrix, [Ms] is
no longer necessarily diagonal. In fact, the submatrix associated
with the rigid-body modes is identical to the mass matrix in the
flight dynamics equation; that is, the off-diagonal terms contain the

products of inertia,

[Ms] =
[

Mrb

∣∣ 0
0

∣∣Mee

]
where the [Mrb] and [Mee] matrices are defined as

[Mrb] =

⎡⎢⎢⎢⎢⎢⎢⎢⎣

m 0 0 0 0 0

0 m 0 0 0 0

0 0 m 0 0 0

0 0 0 Ixx 0 Ixz

0 0 0 0 Iyy 0

0 0 0 Ixz 0 Izz

⎤⎥⎥⎥⎥⎥⎥⎥⎦

[Mee] =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

. . .

. . .

mii

. . .

. . .

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
where m, mii , Ixx , Iyy, Izz, and Ixz are the mass of the whole air-
craft; the generalized mass associated with the iith elastic mode; the
roll, pitch, and yaw moments of inertia; and the lateral/directional
products of inertia, respectively.

2. Body axes to stability axes, Fig. 1b to c: In this stage, the
transformation from the body axes {ξR} to the airframe axes {ξAS}
is performed through the matrix [TA]:

{ξR}T = {Tx , Ty, Tz, Rx , Ry, Rz}T (11){
ξR

ξ̇R

}
= [TA]{ξAS} (12)

{ξAS}T = {x, y, u, β, h, p, w, r, θ, φ, q, ψ}T (13)

where x, y, u, β, h, p, w, r, θ, φ, q, and ψ are the perturbed quan-
tities related to the forward position, lateral position, forward air-
speed, sideslip angle, altitude, roll rate, upward velocity, yaw rate,
Euler pitch angle, Euler roll angle, pitch rate, and Euler azimuth
angle, respectively. These are the main perturbed variables that de-
scribe the aircraft behavior in the stability axes system. For a sym-
metric maneuver, Refs. 3 and 4 described the matrix [TA]long as
follows:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Tx

Tz

Ry

Ṫx

Ṫz

Ṙy

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

−1 0 0 0 0 0

0 0 1 0 0 0

0 0 0 0 1 0

0 −1 0 0 0 0

0 0 0 −V∞ V∞ 0

0 0 0 0 0 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

x

u

h

α

θ

q

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
(14)

If w is selected (instead of α), Ṫz is modified as Ṫz = −w + V∞θ .
Additionally, this work further extends the approach delineated in
Ref. 4 for the antisymmetric maneuvers. In this case, the matrix
[TA]lat is defined as follows:⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Ty

Rx

Rz

Ṫy

Ṙx

Ṙz

⎫⎪⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎪⎭
=

⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0

0 0 0 0 −1 0

0 0 0 0 0 −1

0 V∞ 0 0 0 V∞
0 0 −1 0 0 0

0 0 0 −1 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

y

β

p

r

φ

ψ

⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭
(15)

If v is selected (instead of β), Ṫy is modified as Ṫy = v + V∞ψ .
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Finally, for an asymmetric maneuver, the matrix [TA] ∈ R12 × 12

will be composed of the proper distribution of the elements that form
the rows and columns of the [TA]long and [TA]latmatrices. Therefore,
a seamless axes transformation process can be performed to convert
the rigid-body modes from the production finite-element codes to
the airframe states in the airframe stability axes system.

IV. Rational Function Approximation Setup:
Updating the Quasi-Steady Aerodynamic Model

and Including Gravity Terms
In this section, the rational function approximation concept is fur-

ther extended to become the aeroelastician’s natural tool for flight
dynamic modeling purposes. By allowing the inclusion of gravity-
related components, vertical acceleration–related aerodynamic sta-
bility derivatives, and the lift and drag forces due to forward-velocity
perturbations, the traditional quasi-steady flight dynamic equations
of motion will be fully recovered. A straightforward procedure is
outlined to identify the location of the elements that need to be
updated/replaced within the quasi-steady aerodynamic matrices,
that is, [A0], [A1], and [A2] of Eq. (3).

In general, production flutter engineering tools employ panel
methods to compute linear unsteady aerodynamics. However, the
drag-related stability derivatives computed by those methods, such
as CDα

and CDq among others, are not accurate enough because of
the inherent lack of skin friction drag. Hence, it will be particularly
useful to replace the computed translational and rotational rigid-
body-related elements at zero and/or low reduced frequency in the
generalized aerodynamic stiffness and damping matrices, [A0] and
[A1], with wind-tunnel- and/or flight-test-measured aerodynamic
stability derivatives.7

For instance, at zero reduced frequency (p = 0), the RFA model
is reduce to [Q(0)] = [A0], which contains elements associated with
the static aerodynamic stability derivatives, if rigid-body modes ex-
ist. Specifically, for symmetric structural modes, namely the fore–aft
mode, plunge mode, and pitch mode, the static aerodynamics asso-
ciated with these three rigid-body modes are located in the [A0]
matrix as shown in Fig. 2, where a11, a21, and a31 are the aerody-
namics forces due to the fore–aft mode and a12, a22, and a32 are due
to the plunge mode. At zero reduced frequency, all of these terms
are normally zero because the fore–aft and the plunge modes cannot
introduce an angle of attack. The a13, a23 and a33 are the unsteady
aerodynamics coefficients due to the pitch mode. In fact, at zero
reduced frequency, they can be directly correlated with the longitu-
dinal static aerodynamic stability derivatives Dα, Lα , and Mα (i.e.,
the dimensional induced drag force, lift force, and pitch moment
at unit angle of attack (in radians) of the whole configuration), as
shown in Eq. (16):

a13 = −0.5(Dα/q∞), a23 = −0.5(Lα/q∞)

a33 = −0.5(Mα/q∞) (16)

where the negative sign in these equations is due to the sign con-
vention uses for [Q(p)] in Zona AEROelastic Software System

Fig. 2 Rigid-body modes location inside [A0].

a) Stability axes

b) ZAERO’s aerodynamic coordinates

Fig. 3 Aerodynamic coordinate systems.

(ZAERO).9 Figure 3 shows the x, y, and z axes of the stability axis
and the ZAERO system of aerodynamic coordinates.

The terms a1i , a2i , a3i and aii shown in Eq. (15) represent the
unsteady aerodynamics due to the ith structural mode. If this ith
structural mode is a control surface mode, then they can be replaced
by the wind-tunnel-measured aerodynamic stability derivatives of
the control surface, where a1i , a2i , and a3i can be correlated with the
drag, lift, and moment stability derivatives due to control surface
deflection, respectively, whereas aii is its own control surface hinge
moment.

In general, the related symmetric rigid-body modes submatrices
in [As0 ] and [As1 ] can be expressed as a function of the follow-
ing longitudinal static and damping nondimensional aerodynamic
stability derivatives,

[
As0

]
sym

=

⎡⎢⎢⎣
0 0 −S

(
CDα

− CLo

) − mg/q∞

0 0 −S
(
CLα

+ CDo

)
0 0 −ScCmα

⎤⎥⎥⎦ (17)

and[
As1

]
sym

=⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

2S
(
CDu + CDo

)
(c/2)

S
(
CDα

− CLo

)
(c/2)

−0.5Sc
(
CDα̇

+ CDq

)
(c/2)

2S
(
CLu + CLo

)
(c/2)

S
(
CLα

+ CDo

)
(c/2)

−0.5Sc
(
CL α̇

+ CLq

)
(c/2)

2S
(
Cmu + Cmo

)
(c/2)

ScCmα

(c/2)

−0.5Sc2
(
Cmα̇

+ Cmq

)
(c/2)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
(18)

where S and c are the reference area and chord used in the aeroelastic
formulation; CDu , CLu , and Cmu are the nondimensional drag, lift,
and pitch moment stability derivatives, with respect to the change
of the forward flight speed; CDo , CLo , and Cmo are the nondimen-
sional drag, lift, and pitch moment coefficients, at the trim condi-
tion; CDα

, CLα
, and Cmα

are the nondimensional drag, lift, and pitch
moment stability derivatives, with respect to the angle of attack in
radians; and CDα̇

+ CDq , CL α̇
+ CLq , and Cmα̇

+ Cmq are the damp-
ing derivatives of the drag, lift, and pitch moment coefficients where
q is the nondimensional pitch rate defined as q = Qc/2V∞ and Q
is the pitch rate in rad/s.

Note that the CDu + CDo , CLu + CLo , and Cmu + Cmo coefficients
that appear in the first column of the [As1 ]sym submatrix are the
nondimensional aerodynamic stability coefficients mainly involved
in the phugoid mode, but they cannot be computed accurately by
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the panel methods (ZONA69 and doublet lattice method,14 among
others). Accordingly, to achieve a more accurate description of the
aircraft dynamic behavior, the designer must replace these coeffi-
cients in the related elements of the [As1 ]sym matrix.

At this point, a breakthrough in the RFA modeling setup is pro-
posed to allow for both flight dynamics and aeroelastic disciplines
to be handled within the unified aeroelastic modeling framework. To
this end, gravity-related terms are sought to be included in the [A0]
matrix, whereas the only allowable rigid-body acceleration aerody-
namic derivative terms (i.e., the ones related to the ẇ and v̇) will
be accessed through the generic [A2] matrix. Note that these are
the only acceleration terms retained in the quasi-steady flight dy-
namic equations of motion to account for the effect on the tail of the
wing/body downwash and sidewash.11 Then, Eq. (17) clearly shows
the inclusion of the gravity-related term, −mg/q∞, into the [As0 ]sym

matrix, and it will play a key role in the traditional longitudinal dy-
namics setup to accurately predict the phugoid mode. Additionally,
there are others terms in the [As2 ]sym submatrix that could provide
some important contributions to the phugoid dynamic mode. They
are identified in the second column of the [As2 ]sym submatrix, as
shown in Eq. (19):

[
As2

]
sym

=

⎡⎢⎢⎢⎢⎢⎢⎢⎣
a11

0.5ScCDα̇

(c/2)
a13

a21
0.5ScCLα̇

(c/2)
a23

a31
0.5Sc2Cmα̇

(c/2)2
a33

⎤⎥⎥⎥⎥⎥⎥⎥⎦
(19)

Clearly, these terms are used to facilitate the inclusion of related
vertical acceleration aerodynamic stability derivative terms ẇ into
the otherwise quasi-steady longitudinal dynamic.

In a similar fashion to the symmetric case, for the three anti-
symmetric modes (the lateral translation, roll, and yaw modes), the
submatrices in [As0 ] and [As1 ] can be correlated with the static and
damping lateral nondimensional aerodynamic stability derivatives,
as shown in Eqs. (20) and (21):

[
As0

]
anti

sym

=

⎡⎢⎣0 mg/q∞ −SCyβ

0 0 +SbClβ

0 0 +SbCnβ

⎤⎥⎦ (20)

[
As1

]
anti

sym

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−SCyβ

(c/2)

+0.5SbCyp

(c/2)

−0.5Sb

(c/2)

(
Cyβ̇

− Cyr

)
+SbClβ

(c/2)

−0.5Sb2Cl p

(c/2)

−0.5Sb2

(c/2)

(−Clβ̇
+ Clr

)
+SbCnβ

(c/2)

−0.5Sb2Cn p

(c/2)

−0.5Sb2

(c/2)

(−Cnβ̇
+ Cnr

)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
(21)

where b, Cyβ
, Clβ , and Cnβ

are the reference length, the nondimen-
sional side force, roll moment, and yaw moment stability derivatives,
with respect to sideslip angle in radians; Cyp , Cl p , and Cn p are the
nondimensional side force, roll moment, and yaw moment stability
derivatives, with respect to the nondimensional roll rate p, where
p = Pb/2V and P is the roll rate in rad/s; and Cyβ̇

+ Cyr , Clβ̇
+ Clr ,

and Cnβ̇
+ Cnr are the nondimensional damping derivatives of the

side force, roll moment, and yaw moment, respectively. For accu-
rate control modeling purposes, the nondimensional control surface
aerodynamic stability derivatives can be related to the (ns + i)th col-
umn and the first three rows of the [A0] and [A1] matrices, where i th
represents the i th control surface. For symmetric modes, the corre-
sponding static and damping nondimensional derivatives in the [A0]

and [A1] matrices are

[
Ac0

]
sym

=

⎡⎢⎣−SCDδ

−SCLδ

−cSCmδ

⎤⎥⎦∈ R3,
[

Ac1

]
sym

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−0.5cSCDδ̇

(c/2)

−0.5cSCL δ̇

(c/2)

−0.5c2 SCm δ̇

(c/2)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ R3

(22)

where CDδ
, CLδ

, and Cmδ
are the nondimensional drag force, lift

force, and pitch moment coefficients due to control surface deflec-
tion in radians and CDδ̇

, CL δ̇
, and Cm δ̇

are the nondimensional drag,
lift, and pitch moment damping derivatives due to the rate of the
control surface deflection. Likewise, for antisymmetric modes, the
corresponding stability derivatives in the [A0] and [A1] matrices are

[
Ac0

]
anti

sym

=

⎡⎢⎣−SCyδ

−SbClδ

−SbCnδ

⎤⎥⎦ ∈ R3,
[

Ac1

]
anti

sym

=

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎣

−0.5bSCyδ̇

(c/2)

−0.5b2 SClδ̇

(c/2)

−0.5b2 SCnδ̇

(c/2)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎦
∈ R3

(23)

Again, if Clδ , Cnδ
, Clδ̇

, and Cnδ̇
are defined in the stability axes,

their signs must be reversed in accordance with Fig. 2 when they
are included in ZAERO.9 For the whole aircraft structural model
containing all six translational and rotational rigid-body modes, the
size of the rigid-body submatrices in [As0 ], [As1 ], and [As2 ] is 6 × 6.
They are built up by combining the related rows and columns from
their corresponding symmetric and antisymmetric 3 × 3 matrices.
For instance, the [As0 ] matrix becomes[

As0

]
whole

=⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 0 0 −S
(
CDα

− CLo

) − mg/q∞ 0

0 0 0 mg/q∞ 0 −SCyβ

0 0 0 0 −S
(
CLα

+ CDo

)
0

0 0 0 0 0 −SbClβ

0 0 0 0 −ScCmα
0

0 0 0 0 0 −SbCnβ

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
6 × 6

(24)

Similarly, by combining Eqs. (18) and (21), the [As1 ]whole matrix is
generated. In this manner, the aeroelastic system of Eq. (7) is now
reformulated using this updated RFA setup that already included
the gravity components vector, vertical-acceleration-related aero-
dynamic stability derivatives, and the lift and drag forces due to
perturbed forward speed. Hence, a flight-dynamic-oriented rational
functional approximation matrix, [QFD(p)], is built up from the
individual matrices described in Eqs. (17) through (23). Now, the
unified aeroelastic and flight dynamics state–space description is
achieved, as defined by Eq. (25):

{ẋae} = [ Āae]{xae} + [B̄ae]{u} (25)

where [ Āae] and [B̄ae] matrices are obtained through the RFA of
[QFD(p)]. Clearly, four possible aeroelastic analysis scenarios could
be built using the unified aeroelastic formulation in accordance with
the aerodynamic model used and whether the elastic modes are
included, as shown in Table 1. Among them, the full-frequency
flight dynamic model needs to be defined. It is the aeroelastic
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Table 1 Unified aeroelastic formulation—possible analysis
scenarios

Elastic modes

Forces Omitted Included

Quasi-steady Flight dynamics model Quasisteady aeroelastic model
Unsteady Full-frequency flight Full aeroelastic model

dynamics model

model that results when only translational and rotational rigid-body
modes and the full unsteady aerodynamic model are considered.
In this particular case, the rigid-body modes will be subjected to
the high-frequency unsteady aerodynamic effects coming from the
aerodynamic-lag-model approximation.

Finally, to avoid numerical discontinuities in the computed un-
steady aerodynamic forces using the user’s set of nondimensional
aerodynamic-stability derivatives; a double-matching process in
ZAERO9 is devised. Technically, the aerodynamic derivative set is
first used to replace the coefficients associated with the translational
and rotational rigid-body modes in the generalized aerodynamic-
force matrix computed in the reduced-frequency domain. Once the
RFA matrices are computed in the time domain, the user’s set of
nondimensional static, damping, and acceleration-related deriva-
tives is included again into the [A0], [A1], and [A2] matrices. In
other words, the differences between the ZAERO-computed stabil-
ity and control derivatives and the user’s supplied set at zero and
low-reduced-frequency values are added up to the generalized aero-
dynamic forces at other frequencies to assure their continuous vari-
ation with regard to the reduced-frequency range. This technique is
sought to minimize the risk of jump discontinuities in any of the
elements that compose the matrix [QFD(p)].

V. Longitudinal and Lateral Dynamics:
Closed-Form Solutions

Closed-form solutions are computed using MATHEMATICA
software15 for symmetric and antisymmetric rigid-body maneuvers
with the unified aeroelastic formulation to emulate those ordinarily
used by the flight dynamic engineer (i.e., separate longitudinal and
lateral dynamic behavior analysis).11 Specifically, the longitudinal
dynamic equations of motion, without considering any additional
elastic modes in the model, are obtained in closed form by incor-
porating Eqs. (17) to (19) and (22) into Eq. (3) while applying the
similarity transformation [TA]long; that is,

ẋlong = [
T −1

A ĀaeTA

]
long︸ ︷︷ ︸

Along

xlong + [
T −1

A B̄ae

]
long︸ ︷︷ ︸

Blong

ulong

x T
long = {x u h w θ q}T , ulong = δe (26)

where x, u, h, w, θ, q, and δe are the perturbed forward displace-
ment, forward airspeed, altitude, upward velocity, Euler pitch an-
gle, pitch rate, and the elevator control surface deflection angle,
respectively. After neglecting the first and third rows and columns
related to the perturbed forward displacement and altitude airframe
states, x and h, we proceed to evaluate each nonzero element of the
transformed dynamic matrix [T −1

A ĀaeTA]long along its columns.
column 1:[

T −1
A ĀaeTA(1, 1)

]
long

= −2q∞S
(
CD0 + CDu

)
mV∞

�= Xu

[
T −1

A ĀaeTA(2, 1)
]

long
= −2q∞S

(
CL0 + CLu

)
mV∞

�= Zu[
T −1

A ĀaeTA(4, 1)
]

long

= −q∞Sc
[
2mV 2

∞
(
Cm0 + Cmu

)− q∞Sc
(
CL0 + CLu

)
Cmα̇

]
mV 3∞ Iyy

�= (Mu + Mẇ Zu)

column 2:[
T −1

A ĀaeTA(1, 2)
]

long
= −q∞S

(
CDα

− CL0

)
mV∞

�= Xw

[
T −1

A ĀaeTA(2, 2)
]

long
= −q∞S

(
CD0 + CLα

)
mV∞

�= Zw[
T −1

A ĀaeTA(4, 2)
]

long

= −q∞Sc
[−2mV 2

∞Cmα
+ q∞Sc

(
CD0 + CLα

)
Cmα̇

]
2mV 3∞ Iyy

�= (Mw + Mẇ Zw)

column 3: [
T −1

A ĀaeTA(1, 3)
]

long
= −g

column 4:[
T −1

A ĀaeTA(1, 4)
]

long
= −q∞Sc

(
CDq + CDα̇

)
2mV∞

�= Xẇ

[
T −1

A ĀaeTA(2, 4)
]

long
= V∞ − q∞Sc

(
CLq + CL α̇

)
2mV∞

�= (V∞ + Zq)[
T −1

A ĀaeTA(3, 4)
]

long
= 1[

T −1
A ĀaeTA(4, 4)

]
long

= q∞Sc2
{

2mV 2
∞Cmq + [

2mV 2
∞ − q∞Sc

(
CLq + CL α̇

)]
Cmα̇

}
2mV 3∞ Iyy

�= [Mq + Mẇ(V∞ + Zq)]

as well as the input vector {T −1
A B̄ae}long:

column 1:{
T −1

A B̄ae(1, 1)
}

long
= q∞S

(−CDδ

)
m

�= Xδe

{
T −1

A B̄ae(2, 1)
}

long
= q∞S

(−CLδ

)
m

�= Zδe

{
T −1

A B̄ae(4, 1)
}

long
= −q∞Sc

[−2mV 2
∞Cmδ

+ q∞ScCLδ
Cmα̇

]
2mV 2∞ Iyy

�= (
Mδe + Mẇ Zδe

)
where the variables Xu, Xw , and so forth are defined in accordance
to Table 4.3 of Ref. 11. It is observed that the resulting state–space
representation accurately recovers the classical form of the longitu-
dinal dynamics referenced to stability axes as shown in Eq. (27):⎧⎪⎪⎨⎪⎪⎩

u̇

ẇ

θ̇

q̇

⎫⎪⎪⎬⎪⎪⎭ =

⎡⎢⎢⎢⎢⎣
Xu Xw −g 0

Zu Zw 0 (V∞ + Zq)

0 0 0 1

(Mu + Mẇ Zu) (Mw + Mẇ Zw) 0 (Mq + Mẇ(V∞ + Zq))

⎤⎥⎥⎥⎥⎦
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×

⎧⎪⎪⎨⎪⎪⎩
u

w

θ

q

⎫⎪⎪⎬⎪⎪⎭ +

⎧⎪⎨⎪⎩
Xδe

Zδe

0(
Mδe + Mẇ Zδe

)
⎫⎪⎬⎪⎭ δe (27)

The longitudinal stability quartic is then computed from

det(sI − Along) = 0 (28)

and its solution, in the most general case, will be composed with
both free longitudinal oscillatory modes, that is, the short-period
and the phugoid modes.

The closed-form lateral equations of motion are computed in a
similar fashion as in the longitudinal dynamics case. Thus, Eqs. (20),
(21), and (23) are fed into Eq. (3), and by applying the similarity
transformation [TA]lat, the lateral equations are

ẋlat = [A]latxlat + [B]latulat

x T
lat = {y β p r φ ψ}T , uT

lat = {δa δr }T (29)

where y, β, p, r, φ, ψ, δa , and δr are the perturbed lateral displace-
ment, sideslip angle, roll rate, yaw rate, Euler roll angle, Euler
yaw angle, and aileron and rudder control surface deflection angle,
respectively.

The first and last rows and columns related to the perturbed lat-
eral displacement and yaw-angle states, y and ψ , are eliminated.
As before, we evaluate each nonzero element of the transformed
dynamic matrix [T −1

A ĀaeTA]lat along its columns.
column 1[

T −1
A ĀaeTA(1, 1)

]
lat

= q∞SCyβ

mV∞
�= Yv

[
T −1

A ĀaeTA(2, 1)
]

lat
= −q∞bS

(
Cnβ

Ixz + Clβ Izz

)
I 2

xz − Ixx Iyy

= (Lβ + Nβ Ixz/Ixx )(
1 − I 2

xz

/
Ixx Izz

) �= L ′
β

[
T −1

A ĀaeTA(3, 1)
]

lat
= −q∞bS

(
Cnβ

Ixx + Clβ Ixz

)
I 2

xz − Ixx Iyy

= (Nβ + Lβ Ixz/Izz)(
1 − I 2

xz

/
Ixx Izz

) �= N ′
β

column 2[
T −1

A ĀaeTA(1, 2)
]

lat
= q∞bSCyp

2mV 2∞

�= Y ∗
p

[
T −1

A ĀaeTA(2, 2)
]

lat
= −q∞b2 S

(
Cn p Ixz + Cl p Izz

)
2V∞

(
I 2

xz − Ixx Izz

)
=

(
L p + Np Ixz/Ixx

)(
1 − I 2

xz

/
Ixx Izz

) �= L ′
p

[
T −1

A ĀaeTA(3, 2)
]

lat
= −q∞b2 S

(
Cn p Ixx + Cl p Ixz

)
2V∞

(
I 2

xz − Ixx Izz

)
=

(
Np + L p Ixz/Izz

)(
1 − I 2

xz

/
Ixx Izz

) �= N ′
p

[
T −1

A ĀaeTA(4, 2)
]

lat
= 1

column 3[
T −1

A ĀaeTA(1, 3)
]

lat
=

q∞bS
(
Cyr − Cyβ̇

)
2mV 2∞

− 1
�= (

Y ∗
r − 1

)

[
T −1

A ĀaeTA(2, 3)
]

lat
= −

q∞b2 S
[(

Cnr − Cnβ̇

)
Ixz + (

Clr − Clβ̇

)
Izz

]
2V∞

(
I 2

xz − Ixx Izz

)
=

(
Lr + Nr Ixz/Ixx

)(
1 − I 2

xz

/
Ixx Izz

) �= L ′
r

[
T −1

A ĀaeTA(3, 3)
]

lat
= −

q∞b2 S
[(

Cnr − Cnβ̇

)
Ixx + (

Clr − Clβ̇

)
Ixz

]
2V∞

(
I 2

xz − Ixx Izz

)
=

(
Nr + Lr Ixz/Izz

)(
1 − I 2

xz

/
Ixx Izz

) �= N ′
r

column 4 [
T −1

A ĀaeTA(1, 4)
]

lat
= g/V∞

where the variables Yv, Y ∗
p , and so forth are defined in accordance

to Table 4.3 of Ref. 11. The resulting state–space representation is
able to retrieve the traditional lateral dynamics as shown in Eq. (30):⎧⎪⎪⎨⎪⎪⎩

β̇

ṗ

ṙ

φ̇

⎫⎪⎪⎬⎪⎪⎭ =

⎡⎢⎢⎣
Yv Y ∗

p

(
Y ∗

r − 1
)

g/V∞
L ′

β L ′
p L ′

r 0

N ′
β N ′

p N ′
r 0

0 1 0 0

⎤⎥⎥⎦
⎧⎪⎪⎨⎪⎪⎩

β

p

r

φ

⎫⎪⎪⎬⎪⎪⎭

+

⎡⎢⎢⎣
Y ∗

δa
Y ∗

δr

L ′
δa

L ′
δr

N ′
δa

N ′
δr

0 0

⎤⎥⎥⎦{
δa

δr

}
(30)

As in the longitudinal case, the solution of the lateral characteristic
equation

det(sI − Alat) = 0 (31)

will generate the free lateral dynamic modes. These consist of three
modes; they are the roll subsidence, the spiral, and the Dutch-roll
modes.

Clearly, Eqs. (27) and (30) indicate that both plane dynamic equa-
tions of motion are fully recovered from the unified aeroelastic for-
mulation, when no elastic modes are considered in addition to the set
of rigid-body modes. This is neatly accomplished by taking advan-
tage of the inherent flight dynamic modeling capabilities provided
by the RFA framework.

VI. Application Examples
For numerical comparison purposes a case study is developed us-

ing a realistic model as the full aeroelastic GA-ASI Predator UAV®.8

It is used to evaluate the effects on the classical longitudinal and lat-
eral dynamic modes caused by the inclusion of several elastic modes
into the aeroelastic model. This example illustrates the application of
the present methodology using standard production flutter-analysis
tools, and it is implemented using ZAERO/ASE9 as well as the
MATLAB®/Simulink environment.16

Case Study: Predator UAV
The Predator is a UAV that is used for medium-altitude en-

durance observation and was developed by GA-ASI in 1994. The
Predator is a pusher-type design (rear-mounted Rotax-powered
engine/propeller), with a composite airframe and a retractable tri-
cycle landing gear. The fuel stores and all payloads are mounted
within the fuselage. The overall vehicle length is 8.23 m (27 ft),
with a wingspan of 14.84 m (48.7 ft). The wing has large inboard
flaps for varying wing lift and large outboard ailerons for vehicle roll
control. The vehicle performance specifications include operational
altitudes of more than 7500 m (25,000 ft), endurance of more than
24-h flight at 740 km (400 nm), a sea-level cruise-speed range of
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Table 2 Predator UAV rigid-body dynamics: quasi-steady aerodynamic model and number of elastic modes

RFA: Quasi-steady aerodynamic modes

Dynamic modes Traditional flight dynamics Rigid-body modes only Rigid-body + 1 elastic mode Rigid-body + 6 Elastic modes

Short-period −0.0151 ± j 0.1178 −0.0151 ± j 0.1178 −0.0173 ± j 0.1166 +0.0325 ± j 0.0825
Phugoid #1 −2.2943 −2.2941 −2.4740 −2.4707
Phugoid #2 −1.1587 −1.1588 −1.1367 −1.1794
Roll subsidence −8.3781 −8.3720 −8.3731 −8.7319
Dutch roll −0.2804 ± j 1.2266 −0.2804 ± j 1.2266 −0.2804 ± j 1.2266 −0.2772 ± j 1.2557
Spiral +0.0544 +0.0544 +0.0544 +0.0586

Table 3 Predator UAV rigid-body dynamics: unsteady aerodynamic model and number of elastic modes

RFA: Unsteady aerodynamic modes

Aeroelastic modes Traditional flight dynamics Rigid-body modes only Rigid-body + 1 elastic mode Rigid-body + 6 elastic modes

1, 2 −0.0151 ± j 0.1178 0.0191 ± j 0.1081 −2.2537 ± j 1.0601 −1.9133, −2.7929
3 −2.2943 −3.0372 +0.0119 +0.0130
4 −1.1587 −1.2078 +0.7787 +0.4149
5 −8.3781 −10.722 −11.623 −8.6448
6, 7 −0.2804 ± j 1.2266 −0.1851 ± j 1.1372 −0.2163 ± j 1.1849 −0.2721 ± j 1.2159
8 +0.0544 +0.03257 +0.0397 +0.05742

Fig. 4 GA-ASI Predator UAV.

178–220 km/h (96–120 kn), and a sea-level dive speed of 278 km/h
(151 kn), respectively.

The aeroelastic model for the whole aircraft was created us-
ing the NASTRAN and ZAERO9 software systems. The aerody-
namic forces in the frequency domain were computed through
ZONA6, ZAERO’s subsonic unsteady aerodynamic method, and
its time domain realization was performed using the minimum-state
approach10,13 implemented by the ZAERO/ASE module. The aeroe-
lastic model includes 13 elastic structural modes with frequency
content up to 10.3 Hz in addition to the complete set of rigid-
body modes. A detailed set of static, damping, and translational
acceleration-related nondimensional stability derivatives are avail-
able to the flight control designer, and this database is used to up-
date the quasi-steady aerodynamic matrices [A0], [A1], and [A2] in
[QFD(p)]. Figure 4 shows the employed Predator UAV aerodynamic
model.

In what follows, the influence of the aerodynamic model and
the number of elastic modes on the translational and rotational
UAV’s rigid-body dynamic behavior is analyzed. Table 2 presents
the effects on the dynamic modes, noted in the first column,
when a quasi-steady aerodynamic model is employed; that is
Es = Ec = R̄ = D̄ = M̄c

�= 0 in Eq. (6). The results presented in
the second column are obtained using traditional flight dynamic
equations,11 whereas the values in the other columns are computed
through the unified aeroelastic formulation. The first column under
the RFA portion only considers the set of translational and rotational
rigid-body modes, whereas the second and third columns under the
RFA portion have added one and six structural elastic modes, re-

spectively. In this case, all included elastic modes are wing-bending
modes.

Clearly, the updated quasi-steady model with no elastic modes
(first column under the RFA) accurately recovers the traditional
flight dynamic results. In contrast, the quasi-steady aeroelastic
model generated by the inclusion of a set of elastic modes (see
Table 1) strongly affects the longitudinal dynamics. Specifically the
damping and frequency of the short-period mode changed with the
addition of one elastic mode, and ultimately the mode becomes un-
stable when six elastic modes are used. As expected, the lateral
dynamic modes, that is, the roll subsidence, Dutch roll, and spi-
ral, are practically unaffected by the wing-bending modes. Hence,
the usual separation assumption between the longitudinal and lat-
eral dynamic is clearly preserved through the unified aeroelastic
formulation.

Now, the modified UAV rigid-body dynamics caused by the use of
the full unsteady aerodynamic model and the inclusion of different
numbers of elastic modes are shown in Table 3. In the first column,
the dynamic modes of Table 2 are renamed as aeroelastic modes, and
the second column is preserved for comparative purposes during the
following discussions. The columns under the RFA portion indicate
a noticeable influence of the flow unsteadiness on the translational
and rotational rigid-body dynamics, even when elastic modes are not
taken into account. These high-reduced-frequency unsteady aero-
dynamic effects are modeled in the full-frequency flight dynamic
model (see Table 1) through the Es, Ec, R̄, D̄, and M̄c matrices in the
aeroelastic state–space description of Eq. (6). As before, the added
elastic modes have clearly affected those aeroelastic modes resem-
bling longitudinal dynamics. In particular, the first column under
the RFA portion shows that the first and second aeroelastic modes,
supposedly related with the short-period dynamic, become unsta-
ble. These particular modes keep changing their qualitative dynamic
behavior as a function of the number of elastic modes considered
in the UAV model, going from divergent to convergent oscillatory
modes and finally becoming a pair of stable decaying modes. Sim-
ilarly, the third and fourth aeroelastic modes changed their stability
behavior.

It is quite interesting that as the number of elastic modes is in-
creased, the aeroelastic modes 5–8 become comparable to the clas-
sical lateral dynamic modes noted in the first column, that is, the
roll-subsidence, Dutch-roll, and spiral modes, respectively. In fact,
this finding can presumably be used to lay out a practical crite-
rion to determine the approximate number of elastic modes that
need to be included in the aeroelastic model to accurately model its
flight dynamic behavior. For instance, if only symmetric (antisym-
metric) maneuvers are performed, a trade-off between the numbers
of symmetric (antisymmetric) elastic modes vs the accurate recov-
ery of the traditional lateral (longitudinal) dynamics can easily be
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Fig. 5 Predator UAV: closed-loop state vector variables.

Fig. 6 Predator UAV: closed-loop control variables.

implemented by the flight control designer using the proposed aeroe-
lastic formulation.

Finally, Figs. 5 and 6 show the time trace responses of the state and
control vectors for the coupled aeroelastic Predator UAV model to a
symmetric doublet applied in the pitch command channel when six
elastic modes are included. Initially, a preliminary flight controller,
with weakly coupled longitudinal and lateral feedback control using
angular rates as inner loops, is designed to deal with a quasi-steady
flight dynamic model (rigid-body models only). In this design, the
coupling came from the Predator “A” tail configuration used to con-
trol both longitudinal and lateral/directional planes.

It can be observed from Fig. 5 that the addition of the six wing-
related elastic modes negligibly modified the Predator’s closed-loop
longitudinal responses, that is, θ(t) and q(t) (not visible to the naked
eye).In contrast, the lateral/directional variable responses, that is,
φ(t), ψ(t), p(t), and r(t), are noticeably affected by the aeroelastic
effects. The closed-loop control variables, depicted in Fig. 6, also
show some differences when the aeroelastic model is considered in
place of the quasi-steady flight dynamic model. An increase in the
left and right aileron activities for the aeroelastic model, through the
wing-aileron control variables LW-OUT and RW-OUT, is visible in

the upper portion of Fig. 6. In contrast, its lower portion did not
show substantial differences in the left and right vertical tail control
surfaces (LVT-IN and RVT-IN time traces). Consequently, these
results confirm the use of the unified aeroelastic formulation as an
enabling tool to take into account the influence of aeroelastic effects
on the translational and rotational behavior of the Predator UAV.

VII. Summary
In this paper, a unified aeroelastic formulation using the rational

function approximations setup is presented to recover the longitudi-
nal and lateral equations of motion ordinarily used by the flight con-
trol engineer. This approach sought to identify key elements within
the rational function approximation to update the unsteady aero-
dynamic model. By allowing the inclusion of gravity components,
vertical-acceleration-related aerodynamic stability derivatives, and
the lift and drag forces due to forward-velocity perturbations into
the rational function approximation matrices, the traditional quasi-
steady flight dynamic equations of motion are recovered using the
proposed unified aeroelastic formulation. We hope this modeling
framework will become the aeroelastician’s natural enabling tool
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by providing a common state–space representation that accurately
models the influence of the elastic modes on the dynamic behavior
of the whole aircraft.

It is shown by closed-form solutions that quasi-steady longitu-
dinal and lateral dynamics are exactly recovered when no elastic
modes are presented in the aeroelastic model. The Predator UAV
aeroelastic model is used to demonstrate the application of the uni-
fied aeroelastic framework to a realistic complex model.
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